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Projective Geometry and Transformations of 2D

This chapter introduces the main geometric ideas and notation that are required to un-
derstand the material covered in this book. Some of these ideas are relatively familiar,
such as vanishing point formation or representing conics, whilst others are more es-
oteric, such as using circular points to remove perspective distortion from an image.
These ideas can be understood more easily in the planar (2D) case because they are
more easily visualized here. The geometry of 3-space, which is the subject of the later
parts of this book, isonly asimple generalization of this planar case.

In particular, the chapter covers the geometry of projective transformations of the
plane. These transformations model the geometric distortion which ariseswhen aplane
isimaged by a perspective camera. Under perspective imaging certain geometric prop-
erties are preserved, such as collinearity (a straight line is imaged as a straight line),
whilst others are not, for example paralléel lines are not imaged as parallel lines in
general. Projective geometry models this imaging and also provides a mathematical
representation appropriate for computations.

We begin by describing the representation of points, lines and conics in homoge-
neous notation, and how these entities map under projective transformations. The line
at infinity and the circular points are introduced, and it is shown that these capture the
affine and metric properties of the plane. Algorithms for rectifying planes are then
given which enable affine and metric properties to be computed from images. We end
with a description of fixed points under projective transformations.

2.1 Planar geometry

The basic concepts of planar geometry are familiar to anyone who has studied math-
ematics even at an elementary level. In fact, they are so much a part of our everyday
experience that we take them for granted. At an elementary level, geometry isthe study
of points and lines and their relationships.

To the purist, the study of geometry ought properly to be carried out from a“geomet-
ric” or coordinate-free viewpoint. In this approach, theorems are stated and proved in
terms of geometric primitives only, without the use of algebra. The classical approach
of Euclid is an example of this method. Since Descartes, however, it has been seen that
geometry may be algebraicized, and indeed the theory of geometry may be devel oped

25



26 2 Projective Geometry and Transformations of 2D

from an algebraic viewpoint. Our approach in this book will be a hybrid approach,
sometimes using geometric, and sometimes algebraic methods. In the algebraic ap-
proach, geometric entities are described in terms of coordinates and algebraic entities.
Thus, for instance a point is identified with a vector in terms of some coordinate basis.
A line is also identified with a vector, and a conic section (more briefly, a conic) is
represented by a symmetric matrix. In fact, we often carry this identification so far as
to consider that the vector actually is a point, or the symmetric matrix is a conic, at
least for convenience of language. A significant advantage of the algebraic approach
to geometry is that results derived in this way may more easily be used to derive algo-
rithms and practical computational methods. Computation and algorithms are a major
concern in this book, which justifies the use of the algebraic method.

2.2 The 2D projective plane

As we al know, a point in the plane may be represented by the pair of coordinates
(x,y) inIR2. Thus, it is common to identify the plane with IR?. Considering IR? as a
vector space, the coordinate pair (z, y) isavector —apoint isidentified as a vector. In
this section we introduce the homogeneous notation for points and lines on a plane.

Row and column vectors. Later on, we will want to consider linear mappings be-
tween vector spaces, and represent such mappings as matrices. In the usual manner, the
product of a matrix and a vector is another vector, the image under the mapping. This
brings up the distinction between “column” and “row” vectors, since a matrix may be
multiplied on the right by a column and on the |eft by arow vector. Geometric entities
will by default be represented by column vectors. A bold-face symbol such asx always
represents a column vector, and its transpose is the row vector x. In accordance with
this convention, a point in the plane will be represented by the column vector (z,y)T,
rather than its transpose, the row vector (z,y). Wewritex = (x, )7, both sides of this
equation representing column vectors.

2.2.1 Pointsand lines

Homogeneousrepresentation of lines. A lineinthe planeisrepresented by an equa-
tion such asax + by + ¢ = 0, different choices of a, b and ¢ giving riseto different lines.
Thus, aline may naturally be represented by the vector (a, b, ¢)T. The correspondence
between lines and vectors (a, b, ¢)" is not one-to-one, since the lines ax + by + ¢ = 0
and (ka)x + (kb)y + (kc) = 0 are the same, for any non-zero constant k. Thus, the
vectors (a, b, c)" and k(a,b,c)" represent the same line, for any non-zero k. In fact,
two such vectors related by an overall scaling are considered as being equivalent. An
equivalence class of vectors under this equivalence relationship is known as a homo-
geneous vector. Any particular vector (a,b,c)' is a representative of the equivalence
class. The set of equivalence classes of vectorsin IR? — (0,0,0)" forms the projective
space IP?. The notation —(0,0,0)" indicates that the vector (0,0, 0)", which does not
correspond to any line, is excluded.
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Homogeneous representation of points. A point x = (z,y)" lieson thelinel =
(a,b,c)T if and only if ax + by + ¢ = 0. This may be written in terms of an inner
product of vectors representing the point as (x,y,1)(a,b,¢)" = (z,y,1)1 = 0; that is
the point (z,)T in IR? is represented as a 3-vector by adding afinal coordinate of 1.
Note that for any non-zero constant & and line 1 the equation (kz, ky, k)1 = 0 if and
only if (x,y,1)1 = 0. Itisnatural, therefore, to consider the set of vectors (kx, ky, k)T
for varying values of k to be a representation of the point (z,y)T in IR2. Thus, just as
with lines, points are represented by homogeneous vectors. An arbitrary homogeneous
vector representative of apoint is of the form x = (1, 7o, z3)7, representing the point
(11 /3, 79/23) T inIR2. Points, then, as homogeneous vectors are aso elements of 1P2.
One has a simple equation to determine when a point lies on aline, namely

Result 2.1. The point x lieson thelinelif and only if x1 = 0.

Note that the expression x'1 is just the inner or scalar product of the two vectors 1
and x. The scalar product x"1 = 1"x = x.I. In general, the transpose notation 1"x
will be preferred, but occasionally, we will use a . to denote the inner product. We
distinguish between the homogeneous coordinates x = (1, 2, x3) " of apoint, which
is a 3-vector, and the inhomogeneous coordinates (z, y) T, which is a 2-vector.

Degrees of freedom (dof). It is clear that in order to specify a point two values must
be provided, namely its z- and y-coordinates. In a similar manner aline is specified
by two parameters (the two independent ratios {a : b : ¢}) and so has two degrees
of freedom. For example, in an inhomogeneous representation, these two parameters
could be chosen as the gradient and y intercept of the line.

Intersection of lines. Giventwo lines1 = (a,b,¢)T and1’ = (a/, ¥/, )T, we wish to
find their intersection. Define the vector x = 1 x I, where x represents the vector or
cross product. From the triple scalar product identity 1.(1 x 1') = I'.(1 x ') = 0, we
seethat 1"x = 1'Tx = 0. Thus, if x isthought of as representing a point, then x lies on
both lines1 and I', and hence is the intersection of the two lines. This shows:

Result 2.2. Theintersection of two linesl and I’ isthepointx =1 x I'.

Note that the simplicity of thisexpression for theintersection of thetwo linesisadirect
consequence of the use of homogeneous vector representations of lines and points.

Example2.3. Consider the simple problem of determining the intersection of the lines
x=1andy = 1. Thelinexz = 1 isequivalent to —1z + 1 = 0, and thus has
homogeneous representation] = (—1,0,1)". Theliney = 1isequivalentto —1y+1 =
0, and thus has homogeneous representation ' = (0, —1,1)T. From result 2.2 the

intersection point is
i j k 1
x=1x1I=|-1 0 1|=]1
0 -1 1 1

which is the inhomogeneous point (1,1)" as required. A
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Linejoining points. An expression for the line passing through two points x and x’
may be derived by an entirely analogous argument. Defining alinel by 1 = x x x/, it
may be verified that both points x and x’ lieon 1. Thus

Result 2.4. The line through two pointsx and x’ is1 = x x x'.

2.2.2 ldeal pointsand thelineat infinity

Intersection of parallél lines. Consider two linesaz+by+c = 0 and az+by+c’ = 0.
These arerepresented by vectors1 = (a, b, c¢)" and1l’ = (a, b, ¢') T for which thefirst two
coordinates are the same. Computing the intersection of these lines gives no difficulty,
using result 2.2. Theintersectionisl x I’ = (¢ — ¢)(b, —a, 0)T, and ignoring the scale
factor (¢ — ¢), thisisthe point (b, —a, 0)".

Now if we attempt to find the inhomogeneous representation of this point, we ob-
tain (b/0, —a/0)T, which makes no sense, except to suggest that the point of intersec-
tion hasinfinitely large coordinates. In general, points with homogeneous coordinates
(x,9,0)T do not correspond to any finite point in IR2. This observation agrees with the
usual ideathat paralel lines meet at infinity.

Example2.5. Consider thetwo linesx = 1 and x = 2. Here the two lines are parallé€l,
and consequently intersect “at infinity”. In homogeneous notation the lines are 1 =
(—1,0,1)T,7 = (—=1,0,2)T, and from result 2.2 their intersection point is

i j k 0
x=1xlI'=[-10 1|=]1
-1 0 2 0
which isthe point at infinity in the direction of the y-axis. A

Ideal points and the line at infinity. Homogeneous vectors x = (z1, 72, z3)" such
that 23 # 0 correspond to finite pointsin IR2. One may augment IR? by adding points
with last coordinate 3 = 0. The resulting space is the set of al homogeneous 3-
vectors, namely the projective space IP2. The points with last coordinate x5 = 0 are
known as ideal points, or points at infinity. The set of all ideal points may be written
(11,79,0)T, with aparticular point specified by theratio z; : 5. Note that this set lies
on asingle line, the line at infinity, denoted by the vector 1, = (0,0,1)T. Indeed, one
verifiesthat (0,0,1)(x1,2,0)7T = 0.

Using result 2.2 one finds that alinel = (a,b,c)" intersects 1, in the ideal point
(b, —a,0)T (since (b, —a,0)1 = 0). Alinel' = (a,b,c)" parallel to I intersects 1.,
in the same idea point (b, —a,0)T irrespective of the value of ¢’. In inhomogeneous
notation (b, —a)T is a vector tangent to the line, and orthogonal to the line normal
(a,b), and so represents the line's direction. As the line's direction varies the ideal
point (b, —a,0)T varies over 1,,. For these reasons the line at infinity can be thought of
as the set of directions of linesin the plane.

Note how the introduction of the concept of points at infinity serves to simplify the
intersection properties of points and lines. In the projective plane IP?, one may state
without qualification that two distinct lines meet in a single point and two distinct
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X1

Fig. 2.1. A model of the projective plane. Points and lines of IP? are represented by rays and planes,
respectively, through the origin in IR3. Lines lying in the 2, x,-plane represent ideal points, and the
x1x9-plane represents1.,.

points lie on asingle line. Thisis not true in the standard Euclidean geometry of IR?,
inwhich parallel linesform a special case.

The study of the geometry of IP? is known as projective geometry. In a coordinate-
free purely geometric study of projective geometry, one does not make any distinction
between points at infinity (ideal points) and ordinary points. It will, however, serve
our purposes in this book sometimes to distinguish between ideal points and non-ideal
points. Thus, thelineat infinity will at times be considered asaspecial linein projective
Space.

A mode for the projective plane. A fruitful way of thinking of IP? is as a set of
raysin IR®. The set of all vectors k(z1, zo,73)T as k varies forms a ray through the
origin. Such a ray may be thought of as representing a single point in IP2. In this
model, thelinesin IP? are planes passing through the origin. One verifies that two non-
identical rays lie on exactly one plane, and any two planes intersect in one ray. This
is the analogue of two distinct points uniquely defining a line, and two lines always
intersecting in a point.

Points and lines may be obtained by intersecting this set of rays and planes by the
plane x3 = 1. Asillustrated in figure 2.1 the rays representing ideal points and the
plane representing 1, are parallel to the plane x5 = 1.

Duality. The reader has probably noticed how the role of points and lines may be
interchanged in statements concerning the properties of lines and points. In particular,
the basic incidence equation 1'x = 0 for line and point is symmetric, sincel™x = 0
implies x"1 = 0, in which the positions of line and point are swapped. Similarly,
result 2.2 and result 2.4 giving the intersection of two lines and the line through two
points are essentially the same, with the roles of points and lines swapped. One may
enunciate a general principle, the duality principle as follows:



30 2 Projective Geometry and Transformations of 2D

Result 2.6. Duality principle. To any theorem of 2-dimensional projective geometry
there corresponds a dual theorem, which may be derived by interchanging the roles of
points and linesin the original theorem.

In applying this principle, concepts of incidence must be appropriately translated as
well. For instance, the line through two points is dual to the point through (that is the
point of intersection of) two lines.

Note that is it not necessary to prove the dua of a given theorem once the original
theorem has been proved. The proof of the dual theorem will be the dual of the proof
of the original theorem.

2.2.3 Conicsand dual conics

A conic is a curve described by a second-degree equation in the plane. In Euclidean
geometry conics are of three main types. hyperbola, ellipse, and parabola (apart from
so-called degenerate conics, to be defined later). Classically these three types of conic
arise as conic sections generated by planes of differing orientation (the degenerate con-
ics arise from planes which contain the cone vertex). However, it will be seen that
in 2D projective geometry all non-degenerate conics are equivalent under projective
transformations.
The equation of a conic in inhomogeneous coordinatesis

ar® +bry+cy’ +dr+ey+ f=0

i.e. apolynomial of degree 2. “Homogenizing” this by the replacements:
€T — .Z'l/xg, Yy — l‘z/l’g g|VeS

az1? 4 brxy + cxo® + drixs 4 exors + frz? =0 (2.1

or in matrix form

x"Cx =0 (2.2)
where the conic coefficient matrix C is given by
a b/2 d/2
C=1|b/2 ¢ e/2]. (2.3)
/2 e/2 f

Note that the conic coefficient matrix is symmetric. Asin the case of the homogeneous
representation of points and lines, only the ratios of the matrix elements are important,
since multiplying C by a non-zero scalar does not affect the above equations. ThusC is
ahomogeneous representation of aconic. The conic hasfive degrees of freedom which
can be thought of astheratios{a : b: c:d: e: f} or equivalently the six elements of
asymmetric matrix less one for scale.

Five points define a conic. Suppose we wish to compute the conic which passes
through a set of points, x;. How many points are we free to specify before the conic
is determined uniquely? The gquestion can be answered constructively by providing an
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algorithm to determine the conic. From (2.1) each point x; places one constraint on the
conic coefficients, sinceif the conic passes through (z;, y;) then

ax;® + bry; + cyi® + dr; + ey + f = 0.
This constraint can be written as
(@ 2y v? @ oy 1)e=0

wherec = (a, b, c,d, e, f)T isthe conic C represented as a 6-vector.
Stacking the constraints from five points we obtain

7 iy Yy 1 1
Ty XoYo Y3 T2 Yo 1
T3 wsys Y3 r3 ys 1 |c=0 (2.4)
Ty Tays Yy T4 ys 1
T3 wsYs Y rs Ys 1

and the conic is the null vector of this5 x 6 matrix. This shows that a conic is deter-
mined uniquely (up to scale) by five points in general position. The method of fitting
a geometric entity (or relation) by determining a null space will be used frequently in
the computation chapters throughout this book.

Tangent linesto conics. The line 1 tangent to a conic at a point x has a particularly
simple form in homogeneous coordinates:

Result 2.7. Thelinel tangent to C at a point x on C isgiven by 1 = Cx.

Proof. Thelinel = Cx passes through x, sincel™x = x"Cx = 0. If 1 has one-point
contact with the conic, then it is a tangent, and we are done. Otherwise suppose that 1
meets the conic in another point y. Theny'Cy = 0 and x"Cy = 1Ty = 0. From this
it follows that (x + ay)'C(x + ay) = 0 for al «, which means that the whole line
1 = Cx joining x and y lies on the conic C, which is therefore degenerate (see below).

Dual conics. The conic C defined above is more properly termed a point conic, as it
defines an equation on points. Given the duality result 2.6 of IP? it is not surprising
that there is a'so a conic which defines an equation on lines. This dual (or line) conic
is also represented by a3 x 3 matrix, which we denote as C*. A linel tangent to the
conic C satisfies17¢*1 = 0. The notation C* indicates that C* is the adjoint matrix of C
(the adjoint is defined in section A4.2(p580) of appendix 4(p578)). For anon-singular
symmetric matrix C* = C¢~! (up to scale).

The equation for adual conic is straightforward to derive in the case that C has full
rank: From result 2.7, at a point x on C the tangent is1 = Cx. Inverting, we find the
point x at which thelinel istangent to Cisx = C~'l. Since x satisfiesx"Cx = 0 we
obtain (C7'1)Tc(c™11) = 1T¢c~!1 = 0, the last step following from ¢~ T = ¢! because
C issymmetric.

Dual conics are also known as conic envelopes, and the reason for thisisillustrated
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a b

Fig. 2.2. (a) Points x satisfying x"Cx = 0 lie on a point conic. (b) Lines1 satisfying 1"c*1 = 0 are
tangent to the point conic C. The conic C is the envelope of the lines 1.

in figure 2.2. A dual conic has five degrees of freedom. In a similar manner to points
defining a point conic, it follows that five linesin general position define adual conic.

Degener ate conics. If the matrix C isnot of full rank, then the conic is termed degen-
erate. Degenerate point conics include two lines (rank 2), and a repeated line (rank
1).

Example2.8. The conic

C=Im"+ml"

is composed of two lines1 and m. Points on 1 satisfy 1"x = 0, and are on the conic
sincex'Cx = (x'1)(m"x) + (x"m)(I"x) = 0. Similarly, points satisfying m™x = 0
also satisfy x"Cx = 0. The matrix C is symmetric and has rank 2. The null vector is
x = 1 x m which isthe intersection point of 1 and m. JAN

Degenerate line conics include two points (rank 2), and a repeated point (rank 1).
For example, the line conic C* = xy " + yx' hasrank 2 and consists of lines passing
through either of the two points x and y. Note that for matrices that are not invertible

(c) #c.

2.3 Projective transfor mations

In the view of geometry set forth by Felix Klein in his famous “Erlangen Program”,
[Klein-39], geometry is the study of properties invariant under groups of transforma-
tions. From this point of view, 2D projective geometry is the study of properties of
the projective plane IP? that are invariant under a group of transformations known as
projectivities.

A projectivity is an invertible mapping from points in IP? (that is homogeneous 3-
vectors) to pointsin IP? that maps linesto lines. More precisely,

Definition 2.9. A projectivity is an invertible mapping / from P2 to itself such that
three points x;, x» and x3 lie on the samelineif and only if h(x;), h(x2) and h(x3) do.

Projectivitiesform agroup sincetheinverse of aprojectivity isalso aprojectivity, and
so is the composition of two projectivities. A projectivity is aso called a collineation
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(ahelpful name), a projective transformation or a homography: the terms are synony-
mous.

In definition 2.9, a projectivity is defined in terms of a coordinate-free geometric
concept of point line incidence. An equivalent algebraic definition of a projectivity is
possible, based on the following result.

Theorem 2.10. A mapping h : IP? — IP? is a projectivity if and only if there exists a
non-singular 3 x 3 matrix H such that for any point in IP? represented by a vector x it
istruethat i (x) = Hx.

To interpret this theorem, any point in IP? is represented as a homogeneous 3-vector,
x, and Hx is alinear mapping of homogeneous coordinates. The theorem asserts that
any projectivity arises as such alinear transformation in homogeneous coordinates, and
that conversely any such mapping is a projectivity. The theorem will not be proved in
full here. 1t will only be shown that any invertible linear transformation of homoge-
neous coordinates is a projectivity.

Proof. Letx;, x, andx; lieonalinel. Thusl'x; = 0fori =1,...,3. LetHbea
non-singular 3 x 3 matrix. One verifiesthat I"H'Hx; = 0. Thus, the points Hx; all lie
ontheline 1, and collinearity is preserved by the transformation.

The converse is considerably harder to prove, namely that each projectivity arises in
thisway.

As aresult of this theorem, one may give an alternative definition of a projective
transformation (or collineation) as follows.

Definition 2.11. Projective transformation. A planar projective transformation is a
linear transformation on homogeneous 3-vectors represented by a non-singular 3 x 3

matrix:
l’/l hir hiz his X
x’g = | har haoy hos X2 ) (2-5)
Ifo, hs1 hsy hss €3

or more briefly, x’ = Hx.

Note that the matrix H occurring in this equation may be changed by multiplication
by an arbitrary non-zero scale factor without altering the projective transformation.
Consequently we say that H is a homogeneous matrix, since as in the homogeneous
representation of a point, only the ratio of the matrix elementsis significant. There are
eight independent ratios amongst the nine elements of H, and it follows that a projective
transformation has eight degrees of freedom.

A projectivetransformation projects every figureinto aprojectively equivalent figure,
leaving all its projective propertiesinvariant. In the ray model of figure 2.1 a projective
transformation is simply alinear transformation of IR3.
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Fig. 2.3. Central projection maps points on one plane to points on another plane. The projection
also mapslinesto lines as may be seen by considering a plane through the projection centre which inter-
sects with the two planes 7+ and 7’. Since lines are mapped to lines, central projection is a projectivity
and may be represented by a linear mapping of homogeneous coordinates x’ = Hx.

Mappings between planes. As an example of how theorem 2.10 may be applied,
consider figure 2.3. Projection along rays through a common point (the centre of pro-
jection) defines a mapping from one plane to another. It is evident that this point-to-
point mapping preserveslinesin that alinein one planeis mapped to alinein the other.
If a coordinate system is defined in each plane and points are represented in homoge-
neous coordinates, then the central projection mapping may be expressed by x’ = Hx
whereH isanon-singular 3 x 3 matrix. Actually, if the two coordinate systems defined
in the two planes are both Euclidean (rectilinear) coordinate systems then the mapping
defined by central projection is more restricted than an arbitrary projective transforma-
tion. It is called a perspectivity rather than a full projectivity, and may be represented
by atransformation with six degrees of freedom. We return to perspectivitiesin section
A7.4(p632).

Example2.12. Removing the projective distortion from a per spective image of a
plane.

Shape is distorted under perspective imaging. For instance, in figure 2.4a the win-
dows are not rectangular in the image, although the originals are. In general parallel
lines on a scene plane are not paralel in the image but instead converge to a finite
point. We have seen that a central projection image of a plane (or section of a plane)
is related to the original plane via a projective transformation, and so the image is a
projective distortion of the original. It is possible to “undo” this projective transforma-
tion by computing the inverse transformation and applying it to the image. The result
will be a new synthesized image in which the objects in the plane are shown with their
correct geometric shape. This will be illustrated here for the front of the building of
figure 2.4a. Note that since the ground and the front are not in the same plane, the
projective transformation that must be applied to rectify the front is not the same asthe
one used for the ground.

Computation of aprojective transformation from point-to-point correspondences will
be considered in great detail in chapter 4. For now, a method for computing the trans-



2.3 Projective transformations 35

Fig. 2.4. Removing perspective distortion. (a) The original image with perspective distortion — the
lines of the windows clearly converge at a finite point. (b) Synthesized frontal orthogonal view of the
front wall. Theimage (a) of the wall isrelated via a projective transfor mation to the true geometry of the
wall. The inverse transformation is computed by mapping the four imaged window corners to corners
of an appropriately sized rectangle. The four point correspondences deter mine the transformation. The
transformation is then applied to the whole image. Note that sections of the image of the ground are
subject to a further projective distortion. This can also be removed by a projective transformation.

formation is briefly indicated. One begins by selecting a section of the image corre-
sponding to a planar section of the world. Local 2D image and world coordinates are
selected as shown in figure 2.3. Let the inhomogeneous coordinates of apair of match-
ing points x and x’ in the world and image plane be (z,y) and (2, y’) respectively.
We use inhomogeneous coordinates here instead of the homogeneous coordinates of
the points, because it is these inhomogeneous coordinates that are measured directly
from the image and from the world plane. The projective transformation of (2.5) can
be written in inhomogeneous form as

_ x} _ hiix 4 hioy + his o = T4 _ horx + haoy + hog
zh  ha1x + haoy + has’ rh  hsix+ hgoy + hss’

Each point correspondence generates two equations for the elements of H, which
after multiplying out are

t' (hs1z + haoy + has) = hpx + hioy + has
Y (hs1x + haoy + hg3) = hoi1x + haoy + hos.

These equations are linear in the elements of H. Four point correspondences lead to
eight such linear equations in the entries of H, which are sufficient to solve for H up to
an insignificant multiplicative factor. The only restriction is that the four points must
be in “genera position”, which means that no three points are collinear. The inverse
of the transformation H computed in this way is then applied to the whole image to
undo the effect of perspective distortion on the selected plane. The results are shown
infigure 2.4b. A

Three remarks concerning this example are appropriate: first, the computation of
the rectifying transformation H in this way does not require knowledge of any of the
camera's parameters or the pose of the plane; second, it is not always necessary to



36 2 Projective Geometry and Transformations of 2D
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Fig. 2.5. Examples of a projective transformation, x’ = Hx, arising in perspective images. (a)
The projective transformation between two images induced by a world plane (the concatenation of two
projective transformations is a projective transformation); (b) The projective transformation between
two images with the same camera centre (e.g. a camera rotating about its centre or a camera varying its
focal length); (c) The projective transformation between the image of a plane (the end of the building)
and theimage of its shadow onto another plane (the ground plane). Figure (c) courtesy of Luc Van Gool.

know coordinates for four points in order to remove projective distortion: alternative
approaches, which are described in section 2.7, require less, and different types of,
information; third, superior (and preferred) methods for computing projective transfor-
mations are described in chapter 4.

Projective transformations are important mappings representing many more situa-
tions than the perspective imaging of aworld plane. A number of other examples are
illustrated in figure 2.5. Each of these situations is covered in more detail later in the
book.

2.3.1 Transformations of lines and conics

Transformation of lines. It was shown in the proof of theorem 2.10 that if points x;
lieon aline 1, then the transformed points x; = Hx; under a projective transformation
lieon thelinel’ = H~T1. In this way, incidence of points on lines is preserved, since
1'"x} = 1"TH 'Hx; = 0. This gives the transformation rule for lines:

Under the point transformation x’ = Hx, aline transforms as

=1L (2.6)

One may aternatively write I'" = 1TH=!. Note the fundamentally different way
in which lines and points transform. Points transform according to H, whereas lines
(as rows) transform according to H—1. This may be explained in terms of “covariant”
or “contravariant” behaviour. One says that points transform contravariantly and lines
transform covariantly. Thisdistinction will be taken up again, when we discuss tensors
in chapter 15 and isfully explained in appendix 1(p562).

Transformation of conics. Under apoint transformation x’ = Hx, (2.2) becomes

x'cx = xTH'|TcH %/

xTa TcH %/
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Fig. 2.6. Distortions arising under central projection. Images of a tiled floor. (a) Similarity: the
circular patternisimaged asa circle. A squaretile isimaged as a square. Lines which are parallel or
perpendicular have the same relative orientation in the image. (b) Affine: The circle isimaged as an
elipse. Orthogonal world lines are not imaged as orthogonal lines. However, the sides of the square
tiles, which are parallel in the world are parallel in the image. (c) Projective: Parallel world lines are
imaged as converging lines. Tiles closer to the camera have a larger image than those further away.

which is a quadratic form x'T¢'x’ with ¢’ = H-TCH™!. This gives the transformation
rule for aconic:

Result 2.13. Under a point transformation x’ = Hx, a conic C transforms to
¢ =HTcH

Thepresence of H~! in this equation may be expressed by saying that aconic transforms
covariantly. The transformation rule for a dual conic is derived in a similar manner.
Thisgives:

Result 2.14. Under a point transformation x’ = Hx, a dual conic C* transforms to
C* = HC*H.

2.4 A hierarchy of transformations

In this section we describe the important specializations of a projective transformation
and their geometric properties. It was shown in section 2.3 that projective transforma-
tionsform agroup. Thisgroup is caled the projective linear group, and it will be seen
that these specializations are subgroups of this group.

The group of invertible n x n matrices with real elementsisthe (real) general linear
group on n dimensions, or GL(n). To obtain the projective linear group the matrices
related by a scalar multiplier are identified, giving PL(n) (thisis a quotient group of
GL(n)). Inthe case of projective transformations of the planen = 3.

The important subgroups of PL(3) include the affine group, which is the subgroup
of PL(3) consisting of matrices for which the last row is (0,0, 1), and the Euclidean
group, which isasubgroup of the affine group for which in addition the upper left hand
2 x 2 matrix is orthogonal. One may also identify the oriented Euclidean group in
which the upper left hand 2 x 2 matrix has determinant 1.

We will introduce these transformations starting from the most specialized, the
isometries, and progressively generalizing until projective transformations are reached.
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This defines a hierarchy of transformations. The distortion effects of various transfor-
mationsin this hierarchy are shown in figure 2.6.

Some transformations of interest are not groups, for example, perspectivities (be-
cause the composition of two perspectivitiesis a projectivity, not a perspectivity). This
point is covered in section A7.4(p632).

Invariants. An alternative to describing the transformation algebraically, i.e. asama
trix acting on coordinates of apoint or curve, isto describe the transformation in terms
of those elements or quantities that are preserved or invariant. A (scalar) invariant of a
geometric configuration isafunction of the configuration whose value is unchanged by
aparticular transformation. For example, the separation of two points is unchanged by
aEuclidean transformation (translation and rotation), but not by asimilarity (e.g. trans-
lation, rotation and isotropic scaling). Distance is thus a Euclidean, but not similarity
invariant. The angle between two linesis both a Euclidean and a similarity invariant.

2.4.1 Class|: Isometries

|sometries are transformations of the plane IR? that preserve Euclidean distance (from
iSO = same, metric = measure). An isometry is represented as

x ecosf) —sinf t, x
y | = | esinfd cosf t, Yy
1 0 0 1 1

wheree = +1. If e = 1 then the isometry is orientation-preserving and is a Euclidean
transformation (a composition of atrandation and rotation). If e = —1 then the isome-
try reverses orientation. An example is the composition of a reflection, represented by
the matrix diag(—1, 1, 1), with a Euclidean transformation.

Euclidean transformations model the motion of arigid object. They are by far the
most important isometries in practice, and we will concentrate on these. However, the
orientation reversing isometries often arise as ambiguities in structure recovery.

A planar Euclidean transformation can be written more concisely in block form as

R t
x = Hyx = lOT 11){ (2.7)

whereR isa2 x 2 rotation matrix (an orthogonal matrix such that R'TR = RRT = 1),
t atrandation 2-vector, and 0 a null 2-vector. Special cases are a pure rotation (when
t = 0) and apuretrandation (whenR = I). A Euclidean transformation is also known
as a displacement.

A planar Euclidean transformation has three degrees of freedom, one for the rotation
and two for the transglation. Thus three parameters must be specified in order to define
the transformation. The transformation can be computed from two point correspon-
dences.

Invariants. The invariants are very familiar, for instance: length (the distance be-
tween two points), angle (the angle between two lines), and area.
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Groups and orientation.  An isometry is orientation-preserving if the upper left
hand 2 x 2 matrix has determinant 1. Orientation-preserving isometries form a group,
orientation-reversing ones do not. Thisdistinction applies also in the case of similarity
and affine transformations which now follow.

2.4.2 Classll: Similarity transfor mations

A similarity transformation (or more simply asimilarity) isan isometry composed with
anisotropic scaling. In the case of a Euclidean transformation composed with ascaling
(i.e. no reflection) the similarity has matrix representation

x scosf —ssinf t, x
y | =| ssinf scosf t, y |- (2.8)
1 0 0 1 1

This can be written more concisely in block form as

x = Hx = lng{ ;]X (2.9
where the scalar s represents the isotropic scaling. A similarity transformation is also
known as an equi-form transformation, because it preserves “shape’ (form). A planar
similarity transformation has four degrees of freedom, the scaling accounting for one
more degree of freedom than a Euclidean transformation. A similarity can be computed
from two point correspondences.

Invariants. Theinvariants can be constructed from Euclidean invariants with suitable
provision being made for the additional scaling degree of freedom. Angles between
lines are not affected by rotation, tranglation or isotropic scaling, and so are similarity
invariants. In particular parallel lines are mapped to parallel lines. The length between
two points is not a similarity invariant, but the ratio of two lengths is an invariant,
because the scaling of the lengths cancels out. Similarly aratio of areasis an invariant
because the scaling (squared) cancels out.

Metricstructure. A termthat will be used frequently in the discussion on reconstruc-
tion (chapter 10) is metric. The description metric structure implies that the structure
is defined up to a similarity.

2.4.3 Class|lI: Affinetransfor mations

An affine transformation (or more simply an affinity) is a non-singular linear transfor-
mation followed by atranslation. It has the matrix representation

! a1 aip ity T
vy | =1 an ax t, Y (2.10)
1 0 0 1 1
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rotation defor mation

a b

Fig. 2.7. Distortionsarising from a planar affine transformation. (a) Rotation by R(#). (b) A defor-
mation R(—¢) DR(¢). Note, the scaling directions in the deformation are orthogonal.

or in block form

x =H,x = l (fT ; ] X (2.11)
with A a2 x 2 non-singular matrix. A planar affine transformation has six degrees of
freedom corresponding to the six matrix elements. The transformation can be com-
puted from three point correspondences.

A helpful way to understand the geometric effects of the linear component A of
an affine transformation is as the composition of two fundamental transformations,
namely rotations and non-isotropic scalings. The affine matrix A can always be decom-
posed as

A = R(6)R(~9)DR(9) (212)

whereR(#) and R(¢) are rotations by 6 and ¢ respectively, and D is a diagonal matrix:

A1 0
b= l 0 A ] '

This decomposition follows directly from the SVD (section A4.4(p585)): writing A =
UDVT = (UVT)(VDVT) = R(A) (R(—¢) DR(¢)), Since U and V are orthogonal matrices.

The affine matrix A is hence seen to be the concatenation of a rotation (by ¢); a
scaling by A; and )\, respectively in the (rotated) = and y directions; a rotation back
(by —¢); and finally another rotation (by #). The only “new” geometry, compared to
a similarity, is the non-isotropic scaling. This accounts for the two extra degrees of
freedom possessed by an affinity over asimilarity. They are the angle ¢ specifying the
scaling direction, and the ratio of the scaling parameters \; : \,. The essence of an
affinity isthisscaling in orthogonal directions, oriented at a particular angle. Schematic
examples are given in figure 2.7.
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Invariants. Because an affine transformation includes non-isotropic scaling, the sim-
ilarity invariants of length ratios and angles between lines are not preserved under an
affinity. Three important invariants are:

(i) Parallel lines. Consider two paralel lines. These intersect at a point
(m1,22,0)7 at infinity. Under an affine transformation this point is mapped
to another point at infinity. Consequently, the parallel lines are mapped to lines
which still intersect at infinity, and so are parallel after the transformation.

(i) Ratio of lengths of parallel line segments. The length scaling of a line seg-
ment depends only on the angle between the line direction and scaling direc-
tions. Suppose the line is at angle « to the z-axis of the orthogonal scaling
direction, then the scaling magnitude is \/ A? cos? a + A3 sin? a. Thisscaling is
common to all lines with the same direction, and so cancels out in a ratio of
parallel segment lengths.

(iii) Ratio of areas. Thisinvariance can be deduced directly from the decomposi-
tion (2.12). Rotations and trandations do not affect area, so only the scalings by
A1 and \, matter here. The effect isthat areaisscaled by \; A\, whichisequal to
det A. Thusthe area of any shape is scaled by det A, and so the scaling cancels
out for aratio of areas. It will be seen that this does not hold for a projective
transformation.

An affinity isorientation-preserving or -reversing according to whether det A ispositive
or negative respectively. Since det A = A1\, the property depends only on the sign of
the scalings.

2.4.4 Class|V: Projective transformations

A projective transformation was defined in (2.5). It is a general non-singular linear
transformation of homogeneous coordinates. This generalizes an affine transformation,
which is the composition of ageneral non-singular linear transformation of inhomoge-
neous coordinates and a trandation. We have earlier seen the action of a projective
transformation (in section 2.3). Here we examine its block form

At
x =Hpx = [VT U]X (2.13)

where the vector v = (v;,v2)". The matrix has nine elements with only their ratio
significant, so the transformation is specified by eight parameters. Note, it isnot always
possible to scale the matrix such that v is unity since v might be zero. A projective
transformation between two planes can be computed from four point correspondences,
with no three collinear on either plane. See figure 2.4.

Unlike the case of affinities, it is not possible to distinguish between orientation
preserving and orientation reversing projectivities in IP2. We will return to this point
in section 2.6.
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Invariants. The most fundamental projective invariant is the cross ratio of four
collinear points: aratio of lengths on aline is invariant under affinities, but not un-
der projectivities. However, aratio of ratios or cross ratio of lengths on alineis a
projective invariant. We return to properties of thisinvariant in section 2.5.

2.4.5 Summary and comparison

Affinities (6 dof) occupy the middle ground between similarities (4 dof) and projectivi-
ties (8 dof). They generalize similaritiesin that angles are not preserved, so that shapes
are skewed under the transformation. On the other hand their action is homogeneous
over the plane: for a given affinity the det A scaling in area of an object (e.g. asquare)
is the same anywhere on the plane; and the orientation of a transformed line depends
only on itsinitial orientation, not on its position on the plane. In contrast, for a given
projective transformation, area scaling varies with position (e.g. under perspective a
more distant square on the plane has a smaller image than one that is nearer, as in
figure 2.6); and the orientation of a transformed line depends on both the orientation
and position of the source line (however, it will be seen later in section 8.6(p213) that
aline’'s vanishing point depends only on line orientation, not position).

The key difference between a projective and affine transformation is that the vector
v is not null for a projectivity. This is responsible for the non-linear effects of the
projectivity. Compare the mapping of an ideal point (z;, z»,0)" under an affinity and
projectivity: First the affine transformation

[oAT§]<%;)(A<§;>)- (2.14)

Second the projective transformation

[ATq(x;)(A(x;) ) o1
v v 0 V11 + V9o

In thefirst case theideal point remainsideal (i.e. at infinity). In the second it is mapped
to afinite point. It is this ability which allows a projective transformation to model
vanishing points.

2.4.6 Decomposition of a projective transfor mation

A projective transformation can be decomposed into a chain of transformations, where
each matrix in the chain represents a transformation higher in the hierarchy than the
previous one.

sR t K O I 0 At
HszHAszlOTIHOT 1HVTU]=lVT U] (2.16)

with A anon-singular matrix given by A = sRK +tv', and K an upper-triangular matrix
normalized asdet K = 1. This decomposition isvalid provided v # 0, and is unique if
s ischosen positive.
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Each of the matrices Hg, H,, Hy, IS the “essence’ of atransformation of that type (as
indicated by the subscripts S, A, P). Consider the process of rectifying the perspective
image of aplane asin example 2.12: H, (2 dof) moves the line at infinity; H, (2 dof)
affects the affine properties, but does not move the line at infinity; and finally, Hy is a
general similarity transformation (4 dof) which does not affect the affine or projective
properties. The transformation H;, is an elation, described in section A7.3(p631).

Example2.15. The projective transformation

1.707 0.586 1.0
H=| 2.707 8.242 2.0
1.0 20 1.0
may be decomposed as
2cos45° —2sin45° 1 05 1 0 1 00
H=| 2sin45° 2cos45° 2 0 2 0 01 0].
0 0 1 0 01 1 21

A

This decomposition can be employed when the objective is to only partially deter-
mine the transformation. For example, if one wants to measure length ratios from the
perspective image of a plane, then it is only necessary to determine (rectify) the trans-
formation up to asimilarity. We return to this approach in section 2.7.

Taking theinverseof Hin (2.16) givesH! = Ho'H ' H.!. SinceH, !, H, ! andH ! are
still projective, affine and similarity transformations respectively, a general projective
transformation may also be decomposed in the form

I 0 K O sR t
H:HPHAHS:[VT 1HOT 1HOT 1] (2.17)
Note that the actual values of K, R, t and v will be different from those of (2.16).

2.4.7 Thenumber of invariants

The question naturally arises as to how many invariants there are for a given geometric
configuration under a particular transformation. First the term “number” needs to be
made more precise, for if aquantity isinvariant, such aslength under Euclidean trans-
formations, then any function of that quantity is invariant. Consequently, we seek a
counting argument for the number of functionally independent invariants. By consid-
ering the number of transformation parameters that must be eliminated in order to form
aninvariant, it can be seen that:

Result 2.16. The number of functionally independent invariantsis equal to, or greater
than, the number of degrees of freedom of the configuration less the number of degrees
of freedom of the transformation.
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Group Matrix Distortion Invariant properties
Concurrency, collinearity, order of contact:

o h11  hiz his intersection (1 pt contact); tangency (2 pt con-
gng ?C“Ve [ hot hoo  hos ] tact); inflections
0 h31 hsa hss (3 pt contact with line); tangent discontinuities
and cusps. crossratio (ratio of ratio of lengths).
a “ " Parallelism, ratio of areas, ratio of lengths on
Affine a“ a12 o collinear or paralle lines (e.g. midpoints), lin-
6 dof (2)1 (2)2 4 ear combinations of vectors (e.g. centroids).

Ratio of lengths, angle. Thecircular points, I, J

— . Sr11 STi12 tw
Similarity [Srm . ty]

q
/
N
D The line at infinity, ...
Il
[ ]
Q
]

4 dof 0 Al (see section 2.7.3).
: rin Tz ta

Euclidean ror Tas ty Length, area

3 dof 0 0 1

Table 2.1. Geometric properties invariant to commonly occurring planar transformations. The
matrix A = [a;;] isaninvertible 2 x 2 matrix, R = [r;;] isa 2D rotation matrix, and (¢,,t,) a 2D trans-
lation. The distortion column shows typical effects of the transformations on a square. Transformations
higher in the table can produce all the actions of the ones below. These range from Euclidean, where
only translations and rotations occur, to projective where the square can be transformed to any arbitrary
quadrilateral (provided no three points are collinear).

For example, aconfiguration of four pointsin general position has 8 degrees of freedom
(2 for each point), and so 4 similarity, 2 affinity and zero projective invariants since
these transformations have respectively 4, 6 and 8 degrees of freedom.

Table 2.1 summarizes the 2D transformation groups and their invariant properties.
Transformations lower in the table are specializations of those above. A transformation
lower in the table inherits the invariants of those above.

2.5 The projective geometry of 1D

The development of the projective geometry of aline, IP!, proceeds in much the same
way as that of the plane. A point x on the line is represented by homogeneous coordi-
nates (z1,z,) ", and apoint for which z, = 0 isan ideal point of the line. We will use
the notation x to represent the 2-vector (x,, z,)T. A projective transformation of aline
isrepresented by a2 x 2 homogeneous matrix,

%' = HyyoX

and has 3 degrees of freedom corresponding to the four elements of the matrix less one
for overall scaling. A projective transformation of aline may be determined from three
corresponding points.
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CameraModels

A camera is a mapping between the 3D world (object space) and a 2D image. The
principal camera of interest in this book is central projection. This chapter develops a
number of camera models which are matrices with particular properties that represent
the camera mapping.

It will be seen that all cameras modelling central projection are specializations of
the general projective camera. The anatomy of this most genera camera model is
examined using the tools of projective geometry. It will be seen that geometric entities
of the camera, such as the projection centre and image plane, can be computed quite
simply from its matrix representation. Specializations of the general projective camera
inherit its properties, for example their geometry is computed using the same algebraic
expressions.

The specialized models fall into two major classes — those that model cameras with
a finite centre, and those that model cameras with centre “at infinity”. Of the cam-
eras at infinity the affine camera is of particular importance because it is the natural
generalization of parallel projection.

This chapter is principally concerned with the projection of points. The action of a
camera on other geometric entities, such aslines, is deferred until chapter 8.

6.1 Finitecameras

In this section we start with the most specialized and simplest camera model, which is
the basic pinhole camera, and then progressively generalize this model through a series
of gradations.

The models we develop are principally designed for CCD like sensors, but are also
applicable to other cameras, for example X-ray images, scanned photographic nega-
tives, scanned photographs from enlarged negatives, etc.

Thebasic pinhole model. We consider the central projection of pointsin space onto a
plane. Let the centre of projection be the origin of a Euclidean coordinate system, and
consider the plane z = f, which is called the image plane or focal plane. Under the
pinhole camera model, a point in space with coordinates X = (X, Y,z)" is mapped to
the point on the image plane where aline joining the point X to the centre of projection
meets the image plane. Thisis shown in figure 6.1. By similar triangles, one quickly

153
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2 i
\ - p z
principal axis f

image plane

Fig. 6.1. Pinhole camera geometry. C isthe camera centre and p the principal point. The camera
centre is here placed at the coordinate origin. Note the image plane is placed in front of the camera
centre,

computes that the point (X,Y,z)T is mapped to the point (fx/z, fv/z, f)T on the
image plane. Ignoring the final image coordinate, we see that

(X,¥,2)" = (fX/z. f¥/2)" (6.1)

describes the central projection mapping from world to image coordinates. Thisis a
mapping from Euclidean 3-space IR? to Euclidean 2-space IR?.

The centre of projection is called the camera centre. It is also known as the optical
centre. The line from the camera centre perpendicular to the image plane is called the
principal axis or principal ray of the camera, and the point where the principal axis
meets the image plane is caled the principal point. The plane through the camera
centre parallel to theimage planeis called the principal plane of the camera.

Central projection using homogeneous coordinates. If the world and image points
are represented by homogeneous vectors, then central projection is very simply ex-
pressed as a linear mapping between their homogeneous coordinates. In particular,
(6.1) may be written in terms of matrix multiplication as

fX f 0
— | fY | = f 0
z 10

The matrix in this expresson may be written as diag(f, f,1)[I | o] where
diag(f, f,1) isadiagona matrix and [I | 0] represents a matrix divided upintoa3 x 3
block (the identity matrix) plus a column vector, here the zero vector.

We now introduce the notation X for the world point represented by the homoge-
neous 4-vector (X,Y,z,1)T, x for the image point represented by a homogeneous 3-
vector, and P for the 3 x 4 homogeneous camera projection matrix. Then (6.2) iswritten
compactly as

>

(6.2)

= N <
— N < X

x = PX
which defines the camera matrix for the pinhole model of central projection as
P = diag(f, f,1) [T | 0].
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T Ycam

yO pe —
X cam

Fig. 6.2. Image (x,y) and camera (xcam, ycam) coordinate systems.

Principal point offset. The expression (6.1) assumed that the origin of coordinatesin
the image planeis at the principal point. In practice, it may not be, so that in general
there is amapping

(X,Y,2)" = (fX)Z+ pu, fY/Z + )T

where (p,, p,) " arethe coordinates of the principal point. Seefigure 6.2. Thisequation
may be expressed conveniently in homogeneous coordinates as

X X
X+ Zp, f pz O v
;| ™ fY+zp, | = f p, O . (6.3)
z 1 0
1 1
Now, writing
f Pz
K= [ by (6.4)
1
then (6.3) has the concise form
X = K[I | O]Xcarn. (65)

The matrix K is caled the camera calibration matrix. In (6.5) we have written
(X,Y,2Z,1)T as Xcam to emphasize that the camera is assumed to be located at the
origin of a Euclidean coordinate system with the principal axis of the camera pointing
straight down the z-axis, and the point Xcgm is expressed in this coordinate system.
Such a coordinate system may be called the camera coordinate frame.

Camera rotation and trandlation. In general, points in space will be expressed in
terms of adifferent Euclidean coordinate frame, known as the world coordinate frame.
The two coordinate frames are related via a rotation and a translation. See figure 6.3.
If X isan inhomogeneous 3-vector representing the coordinates of a point in the world
coordinate frame, and X¢cam represents the same point in the camera coordinate frame,
then we may write Xcam = R(X —C), where C represents the coordinates of the camera
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R, t

X

Fig. 6.3. The Euclidean transformation between the world and camera coordinate frames.

centre in the world coordinate frame, and R isa 3 x 3 rotation matrix representing the
orientation of the camera coordinate frame. This equation may be written in homoge-
neous coordinates as

X
R —RC Y R —RC
Xcam_lo 1 . lo LS (6.6)
1
Putting this together with (6.5) leads to the formula
x = KR[I | —C|X (6.7)

where X is nhow in aworld coordinate frame. This is the general mapping given by a
pinhole camera. One seesthat ageneral pinhole camera, P = KR[I | —C], has 9 degrees
of freedom: 3 for K (the elements f, p,,p,), 3 for R, and 3 for C. The parameters
contained in K are called the internal camera parameters, or the internal orientation
of the camera. The parameters of R and C which relate the camera orientation and
position to aworld coordinate system are called the external parameters or the exterior
orientation.

It is often convenient not to make the camera centre explicit, and instead to represent
the world to image transformation as Xcgm = RX + t. In this case the camera matrix is
simply

P =X[R | t] (6.8)

where from (6.7) t = —RC.

CCD cameras. The pinhole camera model just derived assumes that the image coor-
dinates are Euclidean coordinates having equal scales in both axial directions. In the
case of CCD cameras, there isthe additional possibility of having non-square pixels. If
image coordinates are measured in pixels, then this has the extra effect of introducing
unequal scale factors in each direction. In particular if the number of pixels per unit
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distance in image coordinates are m, and m,, in the « and y directions, then the trans-
formation from world coordinates to pixel coordinates is obtained by multiplying (6.4)
on theleft by an extrafactor diag(m.,, m,, 1). Thus, the general form of the calibration
matrix of a CCD camerais
Oy, Zo
K= { ay Yo ] (6.9)

1

where a, = fm, and o, = fm, represent the focal length of the camera in terms
of pixel dimensions in the = and y direction respectively. Similarly, xo = (z¢, y0)
is the principal point in terms of pixel dimensions, with coordinates o = m,p, and
Yo = myp,. A CCD camerathus has 10 degrees of freedom.

Finite projective camera. For added generality, we can consider a calibration matrix

of theform
a; S I
K= ay Yo |- (6.10)

The added parameter s is referred to as the skew parameter. The skew parameter
will be zero for most normal cameras. However, in certain unusual instances which are
described in section 6.2.4, it can take non-zero values.

A camera

P =KR[I | —C] (6.11)

for which the calibration matrix X is of the form (6.10) will be called afinite projective
camera. A finite projective camera has 11 degrees of freedom. Thisisthe same number
of degrees of freedom asa 3 x 4 matrix, defined up to an arbitrary scale.

Note that the left hand 3 x 3 submatrix of P, equal to KR, isnon-singular. Conversely,
any 3 x 4 matrix P for which the left hand 3 x 3 submatrix is non-singular is the
camera matrix of some finite projective camera, because P can be decomposed asP =
KR[I | —C]. Indeed, letting M be the left 3 x 3 submatrix of P, one decomposes M as
aproduct M = KR where X is upper-triangular of the form (6.10) and R is a rotation
matrix. This decomposition is essentially the RQ matrix decomposition, described in
section A4.1.1(p579), of which more will be said in section 6.2.4. The matrix P can
therefore be written P = M[I | M~'p,| = KR[I | —C] where p, isthe last column of P.
In short

e The set of camera matrices of finite projective cameras is identical with the set of
homogeneous 3 x 4 matrices for which the left hand 3 x 3 submatrix isnon-singular.

General projective cameras. The final step in our hierarchy of projective camerasis
to remove the non-singularity restriction on the left hand 3 x 3 submatrix. A general
projective camerais one represented by an arbitrary homogeneous 3 x 4 matrix of rank
3. It has 11 degrees of freedom. The rank 3 requirement arises because if the rank is
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Cameracentre. Thecameracentreisthe 1-dimensional right null-space C of P, i.e. PC = 0.

—M'py

o Finitecamera (M isnot singular) C = 1

o Cameraat infinity (M issingular) C = < Bl > where d is the null 3-vector of M,

i.,e.Md = 0.

Column points. For i = 1,...,3, the column vectors p; are vanishing points in the image
corresponding to the X, Y and z axes respectively. Column p, is the image of the
coordinate origin.

Principal plane. The principal plane of the camerais P?3, the last row of P.

Axisplanes. Theplanes P! and P? (thefirst and second rows of P) represent planesin space
through the camera centre, corresponding to points that map to theimagelinesx = 0
and y = 0 respectively.

Principal point. Theimage point x, = Mm? isthe principal point of the camera, where m3 "
isthe third row of M.

Principal ray. The principal ray (axis) of the camerais the ray passing through the camera
centre C with direction vector m®". The principal axis vector v = det(M)m? is
directed towards the front of the camera.

Table 6.1. Summary of the properties of a projective camera P. The matrix is represented by the block
formP = [M | p4).

less than this then the range of the matrix mapping will be a line or point and not the
whole plane; in other words not a 2D image.

6.2 The projective camera

A general projective camera P maps world points X to image points x according to
x = PX. Building on this mapping we will now dissect the camera model to reveal
how geometric entities, such as the camera centre, are encoded. Some of the properties
that we consider will apply only to finite projective cameras and their specializations,
whilst others will apply to general cameras. The distinction will be evident from the
context. The derived properties of the camera are summarized in table 6.1.

6.2.1 Cameraanatomy

A genera projective cameramay be decomposed into blocks accordingtoP = [M | p4],
whereM isa3 x 3 matrix. It will be seen that if M is non-singular, then thisis afinite
camera, otherwiseit is not.

Camera centre. The matrix P has a 1-dimensiona right null-space because its rank
is 3, whereas it has 4 columns. Suppose the null-space is generated by the 4-vector
C, that isPC = 0. It will now be shown that C is the camera centre, represented as a
homogeneous 4-vector.

Consider the line containing C and any other point A in 3-space. Points on thisline
may be represented by thejoin

X(A) =X+ (1-XNcC .
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Epipolar Geometry and the Fundamental Matrix

The epipolar geometry is the intrinsic projective geometry between two views. It is
independent of scene structure, and only depends on the cameras’ internal parameters
and relative pose.

The fundamental matrix F encapsulates this intrinsic geometry. Itisa3 x 3 matrix
of rank 2. If apoint in 3-space X isimaged as x in the first view, and x’ in the second,
then the image points satisfy the relation x' TFx = 0.

We will first describe epipolar geometry, and derive the fundamental matrix. The
properties of the fundamental matrix are then elucidated, both for general motion of
the camera between the views, and for several commonly occurring special motions. It
isnext shown that the cameras can beretrieved from F up to a projective transformation
of 3-space. This result is the basis for the projective reconstruction theorem given in
chapter 10. Finally, if the camerainternal calibration is known, it is shown that the Eu-
clidean motion of the cameras between views may be computed from the fundamental
matrix up to afinite number of ambiguities.

The fundamental matrix is independent of scene structure. However, it can be com-
puted from correspondences of imaged scene points alone, without requiring knowl-
edge of the cameras' internal parameters or relative pose. This computation is de-
scribed in chapter 11.

9.1 Epipolar geometry

The epipolar geometry between two views is essentially the geometry of the inter-
section of the image planes with the pencil of planes having the baseline as axis (the
baseline is the line joining the camera centres). This geometry is usually motivated by
considering the search for corresponding points in stereo matching, and we will start
from that objective here.

Suppose a point X in 3-space isimaged in two views, at x in thefirst, and x’ in the
second. What is the relation between the corresponding image points x and x'? As
shown in figure 9.1a the image points x and x’, space point X, and camera centres
are coplanar. Denote this plane as 7. Clearly, the rays back-projected from x and x’
intersect at X, and the rays are coplanar, lying in 7r. It isthis latter property that is of
most significance in searching for a correspondence.

239
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X
[

epipolar line
for x

c E c’
Fig. 9.1. Point correspondence geometry. (a) The two cameras are indicated by their centres C and
C’ and image planes. The camera centres, 3-space point X, and its images x and x’ lie in a common
plane 7. (b) Animage point x back-projects to a ray in 3-space defined by the first camera centre, C,

and x. Thisray isimaged asalinel’ in the second view. The 3-space point X which projects to x must
lie on thisray, so the image of X in the second view must lieon I'.

/%n\

baseline —/ {

epipolar plane 7T \
a

b

a

Fig. 9.2. Epipolar geometry. (a) The camera baseline intersects each image plane at the epipoles e
and €'. Any plane = containing the basdline is an epipolar plane, and intersects the image planes in
corresponding epipolar lines1and I'. (b) As the position of the 3D point X varies, the epipolar planes
“rotate” about the baseline. This family of planes is known as an epipolar pencil. All epipolar lines
intersect at the epipole.

Supposing now that we know only x, we may ask how the corresponding point x’ is
constrained. The plane 7r is determined by the baseline and the ray defined by x. From
above we know that the ray corresponding to the (unknown) point x’ liesin 7r, hence
the point x’ lieson theline of intersection 1’ of 7r with the second image plane. Thisline
1" is the image in the second view of the ray back-projected from x. It is the epipolar
line corresponding to x. In terms of a stereo correspondence algorithm the benefit is
that the search for the point corresponding to x need not cover the entire image plane
but can be restricted to the line I'.

The geometric entities involved in epipolar geometry are illustrated in figure 9.2.
The terminology is

e The epipole is the point of intersection of the line joining the camera centres (the
baseline) with the image plane. Equivalently, the epipole is the image in one view
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Fig. 9.3. Converging cameras. (a) Epipolar geometry for converging cameras. (b) and (c) A pair of
images with superimposed corresponding points and their epipolar lines (in white). The motion between
theviewsis a translation and rotation. In each image, the direction of the other camera may be inferred
from the intersection of the pencil of epipolar lines. In this case, both epipoles lie outside of the visible
image.

of the camera centre of the other view. It is also the vanishing point of the baseline
(tranglation) direction.

e An epipolar plane is a plane containing the baseline. There is a one-parameter
family (a pencil) of epipolar planes.

e An epipolar lineis the intersection of an epipolar plane with the image plane. All
epipolar lines intersect at the epipole. An epipolar plane intersects the left and right
image planesin epipolar lines, and defines the correspondence between the lines.

Examples of epipolar geometry are given in figure 9.3 and figure 9.4. The epipolar
geometry of theseimage pairs, and indeed all the examples of this chapter, is computed
directly from the images as described in section 11.6(p290).

9.2 Thefundamental matrix F

The fundamental matrix is the algebraic representation of epipolar geometry. In the
following we derive the fundamental matrix from the mapping between a point and its
epipolar line, and then specify the properties of the matrix.

Given a pair of images, it was seen in figure 9.1 that to each point x in one image,
there exists a corresponding epipolar line I’ in the other image. Any point x’ in the
second image matching the point x must lie on the epipolar line I'. The epipolar line
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Fig. 9.4. Motion parallel to theimage plane. In the case of a special motion where the translation is
parallel to the image plane, and the rotation axis is perpendicular to the image plane, the intersection
of the baseline with the image planeis at infinity. Consequently the epipoles are at infinity, and epipolar
lines are parallel. (a) Epipolar geometry for motion parallel to the image plane. (b) and (c) a pair of
images for which the motion between views is (approximately) a translation parallel to the z-axis, with
no rotation. Four corresponding epipolar lines are superimposed in white. Note that corresponding
points lie on corresponding epipolar lines.

Is the projection in the second image of the ray from the point x through the camera
centre C of thefirst camera. Thus, thereisamap

x — 1

from a point in one image to its corresponding epipolar line in the other image. It is
the nature of this map that will now be explored. It will turn out that this mapping
isa(singular) correlation, that is a projective mapping from points to lines, which is
represented by a matrix F, the fundamental matrix.

9.2.1 Geometric derivation

We begin with a geometric derivation of the fundamental matrix. The mapping from
a point in one image to a corresponding epipolar line in the other image may be de-
composed into two steps. In the first step, the point x is mapped to some point x’ in
the other image lying on the epipolar linel'. This point x’ is a potential match for the
point x. In the second step, the epipolar line 1’ is obtained as the line joining x’ to the

epipolee’.

Step 1. Point transfer via aplane. Refer to figure 9.5. Consider a plane 7 in space
not passing through either of the two camera centres. The ray through the first camera
centre corresponding to the point x meets the plane 7 in a point X. This point X is
then projected to a point x’ in the second image. This procedure is known as transfer
via the plane 7r. Since X lies on the ray corresponding to x, the projected point x’
must lie on the epipolar line 1’ corresponding to the image of thisray, asillustrated in
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Fig. 9.5. A point x in one image is transferred via the plane 7 to a matching point x’ in the second
image. The epipolar line through x’ is obtained by joining x’ to the epipole €’. In symbols one may
writex’ = Hyx andl’ = [e/]«x’ = [€/]xHrx = Fx whereF = [e/] «H,; isthe fundamental matrix.

figure 9.1b. The points x and x’ are both images of the 3D point X lying on a plane.
The set of all such points x; in the first image and the corresponding points x; in the
second image are projectively equivalent, since they are each projectively equivalent to
the planar point set X;. Thusthereisa2D homography H, mapping each x; to x..

Step 2: Constructingtheepipolar line. Giventhe point x’ the epipolar linel’ passing
through x’ and the epipole e’ can bewritten as1l’ = €’ x x’ = [e]«x’ (the notation [e']
isdefined in (A4.5p581)). Since x’ may be written asx’ = H.x, we have

I = [e] Hyx = Fx
where we define F = [e]| «H,, the fundamental matrix. This shows

Result 9.1. The fundamental matrix F may be written asF = [e/] «H,, where H, isthe
transfer mapping from one image to another via any plane 7r. Furthermore, since [e']
hasrank 2 and H,, rank 3, F isa matrix of rank 2.

Geometrically, F represents a mapping from the 2-dimensional projective plane P>
of the first image to the pencil of epipolar lines through the epipole ¢’. Thus, it rep-
resents a mapping from a 2-dimensional onto a 1-dimensional projective space, and
hence must have rank 2.

Note, the geometric derivation above involves a scene plane 7r, but a plane is not
required in order for F to exist. The plane is simply used here as a means of defining a
point map from one image to another. The connection between the fundamental matrix
and transfer of points from one image to another viaaplaneisdealt with in some depth
in chapter 13.

9.2.2 Algebraic derivation

The form of the fundamental matrix in terms of the two camera projection matri-
ces, P, P/, may be derived algebraically. The following formulation is due to Xu and
Zhang [ Xu-96].
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The ray back-projected from x by P is obtained by solving PX = x. The one-
parameter family of solutionsis of the form given by (6.13-p162) as

X(A) =PTx+ \C

where P" is the pseudo-inverse of P, i.e. PP* = I, and C its null-vector, namely the
camera centre, defined by PC = 0. The ray is parametrized by the scalar A. In
particular two points on the ray are P™x (at A\ = 0), and the first camera centre C
(at A = o). These two points are imaged by the second camera P’ at P’P*x and P'C
respectively in the second view. The epipolar lineisthelinejoining these two projected
points, namely I’ = (P'C) x (P'P*x). The point P'C isthe epipole in the second image,
namely the projection of the first camera centre, and may be denoted by e’. Thus,
' = [€/]«(P'PT)x = Fx, whereF is the matrix

F = [e/],P'PT. (9.1)

This is essentially the same formula for the fundamental matrix as the one derived in
the previous section, the homography H,. having the explicit form H,, = P’P* interms
of the two camera matrices. Note that this derivation breaks down in the case where
the two camera centres are the same for, in this case, C is the common camera centre
of both P and P/, and so P'C = 0. It follows that F defined in (9.1) is the zero matrix.

Example9.2. Suppose the camera matrices are those of a calibrated stereo rig with the
world origin at the first camera

P =K[I| O] PP=K[R|t]
Then

K—1

and
F = [P'C|,PPT
= [Kt].KRK ' =K "T[t],RK ' =K~ TR[R"t],K ' = K~ TRK' [KR"t], (9.2)

where the various formsfollow from result A4.3(p582). Note that the epipoles (defined
as the image of the other camera centre) are

_nT
e:P< PIt>:KRTt e’:P’<(1]>:K’t. (9.3)

Thus we may write (9.2) as
F =[] KRk =K' T[t],RK ' = K" TRR"t], K ' =K TRK[e]. (9.4)
A

The expression for the fundamental matrix can be derived in many ways, and indeed
will be derived again several timesin thisbook. In particular, (17.3—p412) expresses F
in terms of 4 x 4 determinants composed from rows of the camera matrices for each
view.
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9.2.3 Correspondence condition

Up to this point we have considered the map x — 1’ defined by F. We may now state
the most basic properties of the fundamental matrix.

Result 9.3. The fundamental matrix satisfies the condition that for any pair of corre-
sponding points x < x’ in the two images

x'TFx = 0.

Thisis true, because if points x and x’ correspond, then x’ lies on the epipolar line
I’ = Fx corresponding to the point x. In other words 0 = x'Tl' = x’TFx. Conversely,
if image points satisfy the relation x'TFx = 0 then the rays defined by these points are
coplanar. Thisisanecessary condition for points to correspond.

The importance of the relation of result 9.3 is that it gives a way of characterizing
the fundamental matrix without reference to the camera matrices, i.e. only in terms of
corresponding image points. This enables F to be computed from image correspon-
dences alone. We have seen from (9.1) that F may be computed from the two camera
matrices, P, P/, and in particular that F is determined uniquely from the cameras, up
to an overall scaling. However, we may now enquire how many correspondences are
required to compute F from x'TFx = 0, and the circumstances under which the ma-
trix is uniquely defined by these correspondences. The details of this are postponed
until chapter 11, where it will be seen that in general at least 7 correspondences are
required to compute F.

9.2.4 Properties of the fundamental matrix
Definition 9.4. Suppose we have two images acquired by cameras with non-coincident
centres, then the fundamental matrix F isthe unique 3 x 3 rank 2 homogeneous matrix
which satisfies

x'TFx =0 (9.5)
for al corresponding points x « x'.

We now briefly list a number of properties of the fundamental matrix. The most
important properties are also summarized in table 9.1.

(i) Transpose: If F isthe fundamental matrix of the pair of cameras (P, P’), then
FT isthe fundamental matrix of the pair in the opposite order: (P’, P).

(ii) Epipolar lines: For any point x in the first image, the corresponding epipolar
lineisl’ = Fx. Similarly, 1 = FTx’ represents the epipolar line corresponding
to x’ in the second image.

(iif) The epipole: for any point x (other than e) the epipolar linel’ = Fx contains
theepipolee’. Thuse’ satisfiese’T (Fx) = (e/TF)x = 0 for all x. It follows that
e'TF = 0, i.e. ¢ istheleft null-vector of F. Similarly Fe = 0, i.e. e istheright
null-vector of F.
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F isarank 2 homogeneous matrix with 7 degrees of freedom.
e Poaint correspondence: If x and x’ are corresponding image points, then
x'TFx = 0.

e Epipolar lines:

o 1" = Fx isthe epipolar line corresponding to x.
o 1=FTx’ isthe epipolar line corresponding to x’.
e Epipoles:
o Fe =0.
o FTe! = 0.
e Computation from camera matricesP, P’
o General cameras,
F = [¢/]«P’PT, whereP* isthe pseudo-inverse of P, and e’ = P'C, with PC = 0.

o Canonical cameras,P = [I | 0], P’ = [M | m],
F=[e/]uM=M Tle]x, wheree’ = mande = M 'm.

o Camerasnot at infinity P = K[I | 0], P’ = K'[R | t],
F =K " T[t]«RK~! = [K't]«xK'RK~! = K'"TRK" [KR"t].

Table 9.1. Summary of fundamental matrix properties.

(iv) F hasseven degreesof freedom: a3 x 3 homogeneous matrix has eight indepen-
dent ratios (there are nine el ements, and the common scaling is not significant);
however, F also satisfies the constraint det F = 0 which removes one degree of
freedom.

(v) Fisacorrelation, a projective map taking a point to a line (see definition 2.29-
(p59)). In this case a point in the first image x defines a line in the second
I' = Fx, which is the epipolar line of x. If 1 and 1’ are corresponding epipolar
lines (see figure 9.6a) then any point x on1is mapped to the samelinel’. This
means there is no inverse mapping, and F is not of full rank. For this reason, F
isnot a proper correlation (which would be invertible).

9.2.5 Theepipolar line homography

The set of epipolar linesin each of the images forms a pencil of lines passing through
the epipole. Such a pencil of lines may be considered as a 1-dimensional projective
space. It is clear from figure 9.6b that corresponding epipolar lines are perspectively
related, so that there is a homography between the pencil of epipolar lines centred at e
inthefirst view, and the pencil centred at e’ in the second. A homography between two
such 1-dimensional projective spaces has 3 degrees of freedom.

The degrees of freedom of the fundamental matrix can thus be counted as follows: 2
for e, 2 for €', and 3 for the epipolar line homography which maps alinethrough e to a
line through €’. A geometric representation of this homography is given in section 9.4.
Here we give an explicit formulafor this mapping.
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Fig.9.6. Epipolar linehomography. (a) Thereisa pencil of epipolar linesin each image centred on the
epipole. The correspondence between epipolar lines, 1; < 17, is defined by the pencil of planes with axis
the baseline. (b) The corresponding lines are related by a perspectivity with centre any point p on the
baseline. It follows that the correspondence between epipolar lines in the pencilsisa 1D homography.

Result 9.5. Suppose 1 and 1’ are corresponding epipolar lines, and k is any line not
passing through the epipole e, then1and I’ arerelated by I’ = F[k], 1. Symmetrically,
1=FT[K],I.

Proof. Theexpression [k].1 = k x 1isthe point of intersection of the two lines k and
1, and hence a point on the epipolar linel —call it x. Hence, F[k]«1 = Fx isthe epipolar
line corresponding to the point x, namely thelinel'.

Furthermore a convenient choice for k istheline e, sincekTe = e'e # 0, so that
the line e does not pass through the point e asis required. A similar argument holds
for the choice of k/ = €’. Thusthe epipolar line homography may be written as

I'=Fle],] 1=F"[e].] .

9.3 Fundamental matrices arising from special motions

A specia motion arisesfrom a particular relationship between the translation direction,
t, and the direction of the rotation axis, a. We will discuss two cases. pure tranglation,
where there is no rotation; and pure planar motion, where t is orthogonal to a (the
significance of the planar motion case is described in section 3.4.1(p77)). The ‘pure
indicates that there is no change in the internal parameters. Such cases are important,
firstly because they occur in practice, for example a camera viewing an object rotating
on aturntable is equivalent to planar motion for pairs of views; and secondly because
the fundamental matrix has a special form and thus additional properties.

9.3.1 Puretrandation

In considering pure translations of the camera, one may consider the equivaent situ-
ation in which the camera is stationary, and the world undergoes a trandation —t. In
this situation points in 3-space move on straight lines parallel to t, and the imaged in-
tersection of these paralel linesis the vanishing point v in the direction of t. Thisis
illustrated in figure 9.7 and figure 9.8. It isevident that v is the epipole for both views,
and the imaged parallel lines are the epipolar lines. The algebraic details are given in
the following example.



